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Abstract
Quantum discord is a function of density-matrix elements (and through them, e. g., of temperature, ap-
plied fields, time, and so forth). The domain of such a function in the case of two-qubit system with X or
centrosymmetric (CS) density matrix can consist at most of three subdomains: two ones, where the quantum
discord is expressed in closed analytical forms (Q0 and Qpi/2), and an intermediate subdomain in which for
determining the quantum discord Qθ it is required to solve numerically a one-dimensional minimization
problem to find the optimal measurement angle θ ∈ (0, π/2). Exact equations for determining the bound-
aries between these subdomains are obtained and solved for a number of models. The Qθ subdomains are
discovered in the anisotropic spin dimers in external field. On the other hand, coinciding boundaries and
therefore sudden transitions between optimal measurement angles θ = π/2 and θ = 0 are observed in
dynamics of spin currying particles in closed nanopore and also in phase flip channels. In latter cases the
solutions are entirely analytical.
PACS numbers: 03.65.Ud, 03.67.-a, 75.10.Jm
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I. INTRODUCTION
Quantum correlation theory is one of the most rapid developed direction in modern physics.
This theory is important for the new technologies related to an utilization of quantum information
processing.
Earlier, only the quantum entanglement was attributed to quantum correlations [1, 2]. The
quantum entanglement exists in non-separable states of a system. However in the last years one
came to a conclusion that the quantum correlations can be present in mixed separable states, i. e.,
when the quantum entanglement is absent. As a measure of total purely quantum correlations
one takes now the quantum discord [3–5]. In the ground of discord conception lies the idea of
measurements performed on the system or its parts and extracting with their help a maximum
amount of information.
Due to necessary to solve the optimization problem, the evaluation of quantum correlations,
especially discord, is extremely hard. If for the two-qubit systems the quantum entanglement
has been obtained for the arbitrary density matrices [6], the analytical formulas for the quantum
discord were proposed only for X or CS states [7–12]. In an X matrix, nonzero entries may belong
only to the main diagonal and anti-diagonal. The n×n CS matrix is defined by the relations for its
elements: ai,j = an−i+1,n−j+1. Any CS matrix of fourth order takes the X form under the double
Hadamard transformation H ⊗H (H is the ordinary Hadamard matrix) [12]. This transformation
belongs to the class of local unitary transformations and therefore the quantum correlations do not
change their values.
However, it was latter found [13–15] that the formulas for X states [8–10] are not always
correct. The reason is that the authors [8–10] believed (and this was their error) that the optimal
measurements are achieved only in the limiting points, i. e., at the angles θ = 0 or π/2 (see below).
But on the explicit examples [13–15] of X density matrices it was proved that that the optimal
measurements can take places at the intermediate angles in the interval (0, π/2). Unfortunately,
these examples with the density matrices do not clarify the physical situation.
In the present paper we use the language of Hamiltonians. We show that the domain of in-
termediate optimal angles can arise in the vicinity of transition from the domain with optimal
measurement angle θ = π/2 to the domain with optimal angle θ = 0 (or vice versa). We obtain
the equations for the boundaries between these domains and investigate their solutions for some
models.
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In the following sections we establish an isomorphism between the X density matrices and
Gibbs ones with XYZ Hamiltonians, prove the existence of intermediate domains (with the optimal
anglers θ 6= 0, π/2), derive the equations for boundaries between different domains, and, finally,
apply the developed approach to a gas of spin-carrying particles in closed nanopore and to a phase
flip channel.
II. X DENSITY MATRICES AND XYZ SPIN DIMERS
In the most general form, the X density matrix of two-qubit system is given as
ρ =


a 0 0 u1 + iu2
0 b v1 + iv2 0
0 v1 − iv2 c 0
u1 − iu2 0 0 d


, (1)
where a + b + c + d = 1. This matrix contains seven real parameters which must satisfy the
inequalities
a, b, c, d ≥ 0, ad ≥ u21 + u22, bc ≥ v21 + v22. (2)
Decomposition of the matrix (1) on the Pauli matrices σα (α = x, y, z) leads to its Bloch form
ρ =
1
4
{1− [1− 2(a+ b)]σz ⊗ 1− [1− 2(a+ c)]1⊗ σz + 2(u1 + v1)σx ⊗ σx
+ 2(v1 − u1)σy ⊗ σy + [1− 2(b+ c)]σz ⊗ σz − 2(u2 − v2)σx ⊗ σy
− 2(u2 + v2)σy ⊗ σx} (3)
The expansion coefficients are the unary and binary correlation functions and therefore seven
parameters of density matrix are expressed through the seven different correlators.
To clarify the reasons for appearance of intermediate optimal measurements, consider the spin-
1/2 dimers in thermal equilibrium state. In accord with Eq. (3) we take the Hamiltonian in the
form
H = −1
2
(Jxσ
x
1σ
x
2 + Jyσ
y
1σ
y
2 + Jzσ
z
1σ
z
2 +B1σ
z
1 +B2σ
z
2) + Jxyσ
x
1σ
y
2 + Jyxσ
y
1σ
x
2 , (4)
where σαi is the α-th Pauli matrix in the i-th site, and Jx, Jy, Jz, B1, B2, Jxy, and Jyx are seven
arbitrary real parameters. The corresponding Gibbs density matrix
ρ =
1
Z
e−H/T (5)
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(T is the temperature in energy units and Z is the partition function) has the seven-parameter X
form. This circumstance allows to come from the formal density-matrix language to the physically
clear picture of interactions in the system.
The quantum entanglement and quantum discord are invariant under the local unitary transfor-
mations [1–5]. Thanks to this property, one can with the help of transformation
U = e−iϕ1σz/2 ⊗ e−iϕ2σz/2 (6)
reduce the seven-parameters density matrix (1) to the real five-parameters X form [15, 16]. This
provides with the angles
ϕ1,2 =
1
2
(arctan
u2
u1
± arctan v2
v1
). (7)
After this, the density matrix (1) takes the form
ρ =


a 0 0 u
0 b v 0
0 v c 0
u 0 0 d


, (8)
where
u = u1 cos(arctan
u2
u1
) + u2 sin(arctan
u2
u1
), (9)
v = v1 cos(arctan
v2
v1
) + v2 sin(arctan
v2
v1
). (10)
Moreover, with the help of local rotations again around the z axis, it is not difficult to obtain also
the non-negative off-diagonal elements of the X matrix (8). Indeed, the local unitary transforma-
tion
U1 = e
−ipi
4
σz ⊗ eipi4 σz =


i
1
1
−i


, (11)
leads to a change of sign for u:
U1ρU
+
1 =


a 0 0 −u
0 b v 0
0 v c 0
−u 0 0 d


. (12)
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Similarly, the local transformation
U2 = e
ipi
4
σz ⊗ e−ipi4 σz =


1
i
−i
1


, (13)
selectively acts on the sign of v:
U2ρU
+
2 =


a 0 0 u
0 b −v 0
0 −v c 0
u 0 0 d


. (14)
Thus, after transformation of an X matrix to the real form we may simply enclose the off-diagonal
elements in the modul symbols:
ρ =


a 0 0 |u|
0 b |v| 0
0 |v| c 0
|u| 0 0 d


. (15)
This operation does not influence on the value of quantum correlations in a system.
It is not difficult to understand that all peculiarities of discord behavior in the states with seven-
parameters density matrix (1) can be described by the thermal density matrix of XYZ dimer in
inhomogeneous fields B1 and B2 without crossing terms Jxy and Jyx,
H = −1
2
(Jxσ
x
1σ
x
2 + Jyσ
y
1σ
y
2 + Jzσ
z
1σ
z
2 +B1σ
z
1 +B2σ
z
2). (16)
This model contains five independent parameters Jx, Jy, Jz, B1, and B2.
III. THREE ALTERNATIVES FOR THE QUANTUM DISCORD
As mentioned above, the measurement operations lie in the ground of discord notion. Following
the founders of discord conception [17, 18] and their adherents [7–11] proposed the formulas for
calculation of quantum discord in two-qubit systems, we will consider here only the projective
measurements [19]. For the X state (3) and XYZ dimer (16), z-direction is, obviously, peculiar.
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Therefore, the measurements can be reduced to projections which are characterized by the polar
(θ) and azimuthal (φ) angles relative to the z-axis. It is important that in the case of real X density
matrix with an additional condition uv ≥ 0 the optimal measurements are achieved by cos 2φ = 1
[15, 16].
Let the spins 1 and 2 of a dimer be the subsystems A and B, respectively. Denote the density
matrix of total system as ρAB (= ρ), and for the reduced density matrices we will use the notations
ρA and ρB:
ρA = TrBρAB =

 a + b 0
0 c+ d

 , (17)
ρB = TrAρAB =

 a + c 0
0 b+ d

 . (18)
Quantum discord in general depends on which subsystem (A or B) the measurements are per-
formed. Let, for definiteness, the measured subsystem be B. Then the quantum discord is given
as
Q = S(ρB)− S(ρAB) + min
θ
Scond(θ). (19)
Here S(ρ) = −Trρ ln ρ is the von Neumann entropy (in nats) for corresponding state ρ:
S(ρB) = −(a + c) ln(a+ c)− (b+ d) ln(b+ d), (20)
S(ρAB) ≡ S
= −a + d+
√
(a− d)2 + 4u2
2
ln
a + d+
√
(a− d)2 + 4u2
2
−a + d−
√
(a− d)2 + 4u2
2
ln
a + d−√(a− d)2 + 4u2
2
−b+ c+
√
(b− c)2 + 4v2
2
ln
b+ c+
√
(b− c)2 + 4v2
2
−b+ c−
√
(b− c)2 + 4v2
2
ln
b+ c−√(b− c)2 + 4v2
2
. (21)
Taking into account that cos 2φ = 1, the quantum conditional entropy of subsystem A is given as
[15]
Scond(θ) = Λ1 ln Λ1 + Λ2 ln Λ2 −
4∑
i=1
λi lnλi, (22)
where
Λ1,2 =
1
2
[1± (a− b+ c− d) cos θ], (23)
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λ1,2 =
1
4
[[1 + (a− b+ c− d) cos θ
± {[a+ b− c− d+ (a− b− c+ d) cos θ]2 + 4(|u|+ |v|)2 sin2 θ}1/2]], (24)
λ3,4 =
1
4
[[1− (a− b+ c− d) cos θ
± {[a+ b− c− d− (a− b− c+ d) cos θ]2 + 4(|u|+ |v|)2 sin2 θ}1/2]]. (25)
The conditional entropy Scond(θ) is a continuous and differentiable function of its argument θ.
Expressions (20)-(25) allows to define the measurement-dependent discord as
Q(θ) = S(ρB)− S(ρAB) + Scond(θ), (26)
where θ ∈ [0, π/2]. The absolute minimum of this discord can be, obviously, either on the bounds
(θ = 0, π/2) or at the intermediate point θ ∈ (0, π/2). As a result, there is a choice from three
corresponding possibilities for the quantum discord
Q = min{Q0, Qθ, Qpi
2
}. (27)
This equation generalizes the earlier proposed one for the quantum discord [7–11]
Q˜ = min{Q0, Qpi
2
}, (28)
i. e., the optimal observable can be either σx or σz. In Fig. 1 we schematically represent the
parameter domain of a system with three possible subdomains for the discord.
From the expressions (20)-(26), we have for the discord branch Q0 ≡ Q(0):
Q0 = −S − a ln a− b ln b− c ln c− d ln d. (29)
By θ = π/2 we obtain
Qpi
2
= −S − ln 2− (a + c) ln(a + c)− (b+ d) ln(b+ d)
−1 +
√
(a+ b− c− d)2 + 4(|u|+ |v|)2
2
ln
1 +
√
(a+ b− c− d)2 + 4(|u|+ |v|)2
4
−1 −
√
(a+ b− c− d)2 + 4(|u|+ |v|)2
2
ln
1−
√
(a+ b− c− d)2 + 4(|u|+ |v|)2
4
. (30)
Thus, the branchesQ0 and Qpi/2 are expressed analytically, and the branchQθ = minθ∈(0,pi/2)Q(θ),
if the intermediate minimum exists, should be found from the numerical solution of one-
dimensional minimization problem or from the transcendental equation
S ′cond(θ) = 0, (31)
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where the derivative of conditional entropy with respect to θ is equal to
S ′cond(θ) = Λ
′
1(1 + lnΛ1) + Λ
′
2(1 + lnΛ2)−
4∑
i=1
λ′i(1 + lnλi) (32)
with
Λ′1,2 = ∓
1
2
(a− b+ c− d) sin θ, (33)
λ′1,2 =
1
4
[
− (a− b+ c− d) sin θ
± [a+ b− c− d+ (a− b− c + d) cos θ][−(a− b− c+ d) sin θ] + 2(|u|+ |v|)
2 sin 2θ√
[a+ b− c− d+ (a− b− c+ d) cos θ]2 + 4(|u|+ |v|)2 sin2 θ
]
,(34)
λ′3,4 =
1
4
[
(a− b+ c− d) sin θ
± [a + b− c− d− (a− b− c+ d) cos θ](a− b− c+ d) sin θ + 2(|u|+ |v|)
2 sin 2θ√
[a+ b− c− d− (a− b− c+ d) cos θ]2 + 4(|u|+ |v|)2 sin2 θ
]
.(35)
All three possible variants for the quantum discord (Q0, Qpi/2, and Qθ) can really exist in
physical systems. In the case when a = b and b = c (for example, the thermal discord for XYZ
dimers in absence of external field) the conditional entropy minimum is achieved always at the
bound points [7]. The authors [8–11] have then extended the limiting possibilities to the more
general X states. However, this is wrong; the minimum can take place at inner points.
Indeed, following the authors [13], consider the state
ρ =


0.0783 0 0 0
0 0.125 0.100 0
0 0.100 0.125 0
0 0 0 0.6717


. (36)
Using Eqs. (22)-(25) we computed the function Scond(θ) for this state. Its behavior is shown in
Fig. 2. It is clear seen that the conditional entropy minimum is situated in the intermediate region,
namely at the angle θ = 0.4883 ≈ 28◦. The quantum discord value is on 6.7 × 10−6 less than the
value with θ = 0.
In the paper [15], other examples are given. In particular, for the quantum state
ρ =


0.021 726 0 0 0.128 057
0 0.010 288 0 0
0 0 0.010 288 0
0.128 057 0 0 0.957 698


(37)
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the error for discord is here grater and equals 5.7× 10−4. The behavior of Scond(θ) for this state is
depicted in Fig. 3.
These examples clearly show that the optimal measurement angles can really be in the inter-
mediate region (0, π/2), i. e., the optimal observables for quantum discord can be not only the σx
or σz, but also their superposition.
For the real X state with constraint |u + v| ≥ |u − v|, the authors [14] have proven a theorem
which guarantees that the optimal observable is σz if
(|u|+ |v|)2 ≤ (a− b)(d− c) (38)
and σx if
|
√
ad −
√
bc ≤ |u|+ |v|. (39)
The theorem claims nothing for the region between these inequalities. But in the case
ac = bd (40)
the inequalities (38) and (39) lead to absence of any intermediate region [20]. In particular, this is
valid for the Bell-diagonal states because for them a = d and b = c.
IV. EQUATIONS FOR THE EXACT BOUNDARIES
Start with a heuristic example. Consider the XXZ dimer in an uniform external field. Its
Hamiltonian is written as
H = −1
2
J(σx1σ
x
2 + σ
y
1σ
y
2 +∆σ
z
1σ
z
2)−
1
2
B(σz1 + σ
z
2), (41)
where ∆ = Jz/J is the coupling anisotropy. The Gibbs density matrix is equal to
ρ =


a
b v
v b
d


, (42)
where
a =
1
Z
e(Jz/2+B)/T , b =
1
Z
e−Jz/2T cosh
J
T
, d =
1
Z
e(Jz/2−B)/T , v =
1
Z
e−Jz/2T sinh
J
T
,
(43)
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and the partition function
Z = 2(eJz/2T cosh
B
T
+ e−Jz/2T cosh
J
T
). (44)
These expressions allow to determine the parameters of the Hamiltonian (41):
J =
T
2
ln
1 + v/b
1− v/b, Jz =
T
2
ln
ad
b2 − v2 , B =
T
2
ln
a
d
. (45)
Returning to the examples from the previous section we find that the state (36) is realized for the
dimer (41) with the parameters J = 1, Jz = 1.017 ≈ 1.02, and B = −0.98 at the temperature
T = 1.1. These values are quite reasonable.
Will now for each choice of interaction constants J and Jz find, on the plane temperature-field,
the lines which defined by the condition
Q0(T,B) = Qpi
2
(T,B). (46)
After this we will study the changes of curves Scond(θ) in the neighborhood of those lines.
Using Eqs. (21), (29), (30), (43), and (44) we have numerically solved the transcendental equa-
tion (46) by J = 1 and different values of ∆ = Jz/J . The results are shown in Fig. 4 by dashed
lines.
Consider in detail, for example, the case ∆ = 1.02 (the 5th line in Fig. 4). Let the external
field is held fixed and equal to B = 1. Then the equality Q0 = Qpi/2 is satisfied at the temperature
T× = 0.81296. Study now the behavior of Scond(θ) when the temperature varies. If T = 0.76,
the minimum of Scond(θ) is at θ = π/2 (see Fig. 5). The angle θ = π/2 is optimal for all lower
temperatures. When the temperature increases, it is appeared the minimum on the curve Scond(θ)
inside the interval between 0 and π/2. The minimum is clear seen by T = 0.79 (Fig. 6). Near
the point T× = 0.81296 the minimum achieves the maximal depth (see Fig. 7). With further
increasing the temperature the minimum moves to the bound θ = 0 (Fig. 8) and then it disappears
at all (Fig. 9). Optimal measurements undergo to the angle θ = 0.
Argue now that both lower and upper boundaries of the interval within which the optimal angles
lie between 0 and π/2 are exact, i. e., the intermediate minimum of Scond(θ) suddenly appears and
suddenly disappears. First of all, we note that the derivatives of function Scond(θ) at θ = 0 and π/2
equal zero in general case: S ′cond(0) = S ′cond(π/2) = 0. This is easy to check by direct calculations
using Eqs. (32)-(35). Turn now again to the Figs. 5-9. By every fixed value of external field B and
for each value of temperature T one can at any moment to say either exist the inside minimum or
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not. For instance, when T = 0.76 (B = 1) the function Scond(θ) is concave at the point θ = π/2
and therefore its second derivative S ′′cond(π/2) < 0. But when T = 0.79 the conditional entropy
has a local maximum at the same bound point θ = π/2 and therefore S ′′cond(π/2) > 0. Hence, the
bifurcation point (doubling the extremum) is determined by the condition
S ′′cond(π/2) = 0. (47)
Similarly for the other bound point θ = 0:
S ′′cond(0) = 0. (48)
Using Eqs. (22)-(25) we obtain the second derivatives at limiting points:
S ′′cond(0) =
1
4
(a− b+ c− d)
(
2 ln
b+ d
a + c
+ ln
ac
bd
)
+
1
4
(a− b− c+ d) ln ad
bc
− 1
2
(|u|+ |v|)2
(
1
a− c ln
a
c
+
1
b− d ln
b
d
)
(49)
and
S ′′cond(π/2) = (a− b+ c− d)2
− 1
2(1 + r)
[
a− b+ c− d+ 1
r
(a+ b− c− d)(a− b− c+ d)]2
− 1
2(1− r)
[
a− b+ c− d− 1
r
(a+ b− c− d)(a− b− c+ d)]2
+
1
2r
{(a− b− c+ d)2[1− 1
r2
(a+ b− c− d)2]− 4(|u|+ |v|)2} ln 1− r
1 + r
,(50)
where
r = [(a + b− c− d)2 + 4(|u|+ |v|)2]1/2. (51)
The relations (48)-(51) are the boundary equations for the crossover subdomain Qθ.
If the solutions of Eqs. (47) and (48) are the same then the intermediate domain Qθ is absent
and the quantum discord is given by analytical expressions. On the other hand, instead roughly
conditions (38) and (39), the inequalities S ′′cond(0) ≤ 0 and S ′′cond(π/2) ≤ 0 define now the whole
subdomains Q0 and Qpi/2 respectively.
Numerical solution of Eqs. (48)-(51) for the XXZ dimer shows that the boundaries are the lines
going approximately parallel to the dashed lines (see the lines 5a and 5b in Fig. 4). As a result,
it is arisen a domain within which the optimal angles should be found numerically. Out of this
domain we have analytical expressions for the quantum discord. To not clutter up the Fig. 4, we
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show a part of intermediate domain only for the case ∆ = 1.02. By B = 1, the temperature of
π/2-boundary equals Tpi/2 = 0.76106 and for the 0-boundary T0 = 0.85361. The middle of this
interval equals 0.80734 which is near the point T× = 0.81296. The relative width of this interval
is 11.5%.
Using the example of XXZ dimer with parameters J = 1, Jz = 1.02, and B = 1 consider
the thermal discord behavior by a transition from the domain Qpi/2 into Q0 one. For this case,
the functions Q0 and Qpi/2 versus the temperature are shown in Fig. 10. One can see that down to
crossing point T× = 0.81296 the discord (Q˜) as a minimal value would be according Refs. [8]-[10]
equals Qpi/2, and above the intersection point T× equals Q0. If this would be valid, the discord
Q˜ = min{Q0, Qpi/2} at the intersection point T× would be not differentiable. However, in reality
the function is smooth. This follows from the numerical solution of the task in the intermediate
domain. The results are shown in Fig. 11. It is clearly seen that the smoothness occurs. By this,
the correction ∆Q = Q˜ − Q has a small value. The behavior of ∆Q is shown in Fig. 12. The
curve has a cusp-like form. The largest deviation ∆Q = 3.1× 10−5 is about 0.03%.
A two-parameter family of X states
ρ =


ǫ/2 0 0 ǫ/2
0 (1− ǫ)m 0 0
0 0 (1− ǫ)(1−m) 0
ǫ/2 0 0 ǫ/2


, (52)
was considered in Ref. [14]. Using Eqs. (47)-(51) we calculated the lower and upper boundaries
for the state (52). The results are presented in Fig. 13. Note that the sufficient conditions (38) and
(39) for the Q0 and Qpi/2 domains give [14]
ǫ ≤ 2m(1−m)
1 + 2m(1−m) (53)
and
ǫ ≥
√
m(1−m)
1 +
√
m(1−m) (54)
respectively. Unfortunately, these boundaries rough too and lie far out the region of Fig. 13.
Notice, the boundaries may coincide between themselves. Moreover, by coinciding boundaries,
the cases can take places when there are no smoothing for the quantum discord. Such examples
we discuss in the following sections.
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V. CS DENSITY MATRICES. GAS IN NANOPORE
As has been shown in Ref. [21], the reduced density matrix for any pair of nuclear spins in a
closed nanopore filled with a gas of spin-carrying molecules has the CS form
ρ =


1
4
1
2
p− iu 1
2
p− iu q − r
1
2
p+ iu 1
4
q + r 1
2
p+ iu
1
2
p+ iu q + r 1
4
1
2
p+ iu
q − r 1
2
p− iu 1
2
p− iu 1
4


, (55)
where
p =
1
2
tanh
β
2
cosN−1(at),
q =
1
8
tanh2
β
2
[1 + cosN−2(2at)],
r =
1
8
tanh2
β
2
[1− cosN−2(2at)], (56)
u =
1
4
tanh
β
2
cosN−2(at) sin(at).
(One should not confuse the defined here quantities u and r with the same denoted quantities from
the previous sections.) In relations (56), N is the number of particles confined in a nanopore, β is
the inverse dimensionless temperature, and αt is the dimensionless time.
After transformation to the real X form, the density matrix (55) takes the form
ρ =


1
4
+ p+ q 0 0 2u sin 2ϕ− r cos 2ϕ
0 1
4
− q r 0
0 r 1
4
− q 0
2u sin 2ϕ− r cos 2ϕ 0 0 1
4
− p+ q


, (57)
where
ϕ = −1
2
arctan(2u/r). (58)
Using the analytical formulas [9] which are valid in a supposition that the quantum conditional
entropy has minimums only at the bound points, the author [12] found the quantum discord for
particles in nanopore. Here we prove that in the case of nanopore the intermediate optimal angle
domain does not exist and therefore the results [12] are correct.
Applying the approach discussed above we study the behavior of functions Q0(αt) and
Qpi/2(αt) by fixed values of N and β. The behavior of these quantities (in bits!) by N = 10
13
and β = 1 is shown in Fig. 14. Both functions are periodic with the period equals π. In the inter-
val 0 < αt < π, the curves are crossed at points αt1 = 0.98486 and αt2 = 2.15673 (see Fig. 14).
A solution of boundary equations (48)-(51) shows that in this case both boundaries coincide be-
tween themselves. Thus, for the discussed system there are not domains where the conditional
entropy has the intermediate minimum. Changes of the function Scond(θ) in the vicinity of point
αt1 is shown in Fig. 15. When t < t1, the conditional entropy has a minimum at θ = π/2 (curves
1 and 2 in Fig. 15). At t = t1, the function Scond(θ) becomes a straight line. This is the point
of indifference to a choice of measurement angle: ∀ θ ∈ [0, π/2]. With further increasing αt,
the minimum of Scond(θ) lies at the second bound θ = 0. At the another crossing point αt2 the
quantum discord goes, vice versa, from the branch Q0 to Qpi/2, and so on. Thus, the quantum
discord Q(αt) = min{Q0, Qpi/2} is given here in a closed analytical form. Note that this function
is smooth at the crossing points.
For odd N , the solution is another. In this case there are no crossing points of curves Q0(αt)
and Qpi/2(αt) and the quantum discord at any time is defined by the branch Qpi/2(αt).
So, the quantum discord for nanopore is an analytical or piecewise analytical function.
VI. PHASE FLIP CHANNEL
The authors [10] have considered the dynamics of quantum discord under decoherence in a
phase flip channel. The problem is to calculate the quantum discord for the X matrix
ε =
1
4
[1 + rσz ⊗ 1 + s1⊗ σz + (1− p)2c1σx ⊗ σx
+ (1− p)2c2σy ⊗ σy + c3σz ⊗ σz], (59)
where p = 1−exp(−γt), t is the time, and γ is the phase damping rate. The authors [10] restricted
themselves to the case where
c2 = −c3c1, s = c3r, −1 ≤ c3 ≤ 1, −1 ≤ r ≤ 1. (60)
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Expansion coefficients in Eq. (59) are related with the matrix elements as
a = (1 + r + s+ c3)/4,
b = (1 + r − s− c3)/4,
c = (1− r + s− c3)/4,
d = (1− r − s+ c3)/4, (61)
u = (1− p)2(c1 − c2)/4,
v = (1− p)2(c1 + c2)/4.
Notice that thanks to the relation s = c3r [see Eqs. (60)] the matrix elements a, b, c, and d satisfy
the condition (40) and, as a result, the Qθ domain is absent here.
The authors [10] have established that the quantum discord in the model under question does
not change for a finite time interval. This phenomenon they demonstrated for the channel with
parameters r = 0.3, s = 0.15, c21 = 4/5, c2 = −c1/2, and c3 = 1/2. It was found that in
such a channel the sudden transition from the branch Qpi/2(p) to Q0(p) happens at p0 = 0.274.
Moreover, at this point the quantum discord is continuous but its first derivative is discontinuous
(has a finite jump). The authors [10] used the formulas for calculation of quantum discord without
intermediate measurement angles.
Using the approach developed, find the discord for the channel (59) with the above parameters.
First, we investigate the behavior of functions Qpi/2(p) and Q0(p). As seen in Fig. 16, they (in
bits!) have a crossing point at p0. Then, the solution of equations for the boundaries, Eqs. (47)-
(51), shows that the π/2- and 0-boundaries coincide between themselves, i. e., the intermediate
region is here reduced to a point. The changes of Scond(θ) form are presented in Fig. 17. It is seen
that the transition Qpi/2 → Q0 goes through the straight line (no intermediate minimum occurs in
the vicinity of point p0). So, in this example, the quantum discord Q = min{Qpi/2, Q0} is given in
the closed analytical form. It is a continuous but piecewise smooth function.
VII. CONCLUSIONS
In the light of above, the calculation of quantum discord for general X states can be reduced
to the following steps. At first one should transform the density matrix (1) to the real form,
i. e., calculate the quantities u and v using Eqs. (9) and (10). Then one should solve equation
Q0 = Qpi/2 and determine the possible intersection points of branches Q0 and Qpi/2. After this
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one solves equations S ′′cond(0) = 0 and S ′′cond(π/2) = 0 to find the boundaries for the intermediate
domain Qθ. As a result the quantum discord is given as Q = min{Q0, Qθ, Qpi/2}.
The formula for calculation of quantum discord belongs to a piecewise-defined type
f(x) =


F (x, a), x ∈ Ωa
F (a, b), x ∈ Ωb
minα∈(a,b) F (x, α), x ∈ Ωc
. (62)
In other words, the domain of definition Ω of the function f(x) consists of subdomains in which
the function is given by closed analytical expressions or it exits only in a numerical form.
In the case of CS density matrix ρCS we, first of all, transform it to the X form ρX and then
repeat the above steps for latter. The transformation RρCSR = ρX is achieved with the help of
R = H ⊗H , where
H =
1√
2

 1 1
1 −1

 (63)
is the Hadamard transform.
In this paper, we have shown also that the optimal intermediate measurement angles θ ∈
(0, π/2) can occur in the transition domain from the Q0 to Qpi/2 or reversely. The boundaries
of this domain are exactly defined. The corresponding equations for this boundaries have been
found. The boundaries may coincide between themselves and then the quantum discord is evalu-
ated analytically in the total domain of definition.
The domains Qθ with the optimal intermediate angles θ ∈ (0, π/2) have been discovered in
weakly-anisotropic spin dimers. It has been shown also that the quantum discord for any pair of
spin-carrying particles confined in nanopore has everywhere the analytical representation. Lastly,
the quantum discord for a phase flip channel is continuous but has the discontinuous first derivative
at sudden transition point.
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FIG. 1: A fragment of phase diagram with three possible domains for the quantum discord.
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FIG. 2: Quantum conditional entropy Scond as a function of measured angle θ for the state (36).
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FIG. 3: Dependence Scond vs θ for the quantum state (37).
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FIG. 4: Temperature-field diagram for the dimer (41). The dashed lines are defined by Eq. (46) with J = 1
and ∆: 1)1.001, 2)1.005, 3)1.01, 4)1.015, and 5)1.02. Solid lines 5a and 5b correspond respectively to the
π/2- and 0-boundaries for the dimer with ∆ = 1.02.
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FIG. 5: The form of Scond(θ) for the XXZ dimer by J = 1, ∆ = 1.02, and B = 1. The temperature
T = 0.76.
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FIG. 6: The same as in Fig. 5 but at T = 0.79.
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FIG. 7: The same as in Fig. 5 but at the temperature T× = 0.81296.
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FIG. 8: The same as in Fig. 5 but at T = 0.83.
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FIG. 9: The same as in Fig. 5 but at T = 0.85.
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FIG. 10: Temperature behavior of Q0 (solid line) and Qpi/2 (dashed line) for the XXZ dimer with parameters
J = 1, Jz = 1.02, and B = 1.
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FIG. 11: Dependencies of the false discord Q˜ = min{Qpi/2, Q0} (dashed line) and the correct quantum
discord Q = min{Qpi/2, Qθ, Q0} (solid line) for the XXZ dimer with parameters J = 1, Jz = 1.02, and
B = 1. The domain between the temperatures Tpi/2 = 0.76106 and T0 = 0.85361 corresponds to Qθ. The
longer bar marks the temperature T× = 0.81296.
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FIG. 12: Excess ∆Q = Q˜ − Q versus the temperature T for the XXZ dimer with the parameters J = 1,
Jz = 1.02, and B = 1. The excess is zero out the temperature interval (0.76106, 085361).
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FIG. 13: Domains Qpi/2, Q0, and (between them) Qθ for the state (52). Dotted line corresponds to the
condition Qpi/2 = Q0. Solid lines 1 and 2 are the π/2- and 0-boundaries respectively.
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FIG. 14: Time dependencies of Q0 (solid line) and Qpi/2 (dashed line) in nanopore with N = 10 and β = 1.
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FIG. 15: Changes of Scond(θ) form for a nanopore with N = 10 and β = 1. The curves 1, 2, 3, and 4
correspond respectively to αt = 0.6, 0.7, 0.98486, and 1.3.
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FIG. 16: Q0 (solid line) and Qpi/2 (dashed line) vs p for a phase flip channel with parameters r = 0.3,
s = 0.15, c21 = 4/5, c2 = −c1/2, and c3 = 1/2. Crossing point of the lines is at p0 = 0.2743 . . . .
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FIG. 17: Scond(θ) for a phase flip channel with parameters r = 0.3, s = 0.15, c21 = 4/5, c2 = −c1/2, and
c3 = 1/2. The curves 1, 2, and 3 correspond respectively to p = 0.2, 0.2743, and 0.4.
